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p-ADIC QUANTUM HYPERENVELOPING ALGEBRAS FOR sl2.
ANTON LYUBININ
Abstract. We construct an example of quantum hyperenveloping algebra
over discretely valued field for the Lie algebra sl2.
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The study of quantum groups and deformations in p-adic setting was proposed in
[S]. In this paper we work out the basic example of quantum hyperenveloping alge-
bra Ûq (sl2,L) over discretely valued field L for the Lie algebra sl2. Our construction
is slightly different from the one in [S] and the use of quantum doubles allows us
to simplify certain proofs. The general case of finite-dimensional semisimple Lie
algebra g will be treated in [L].
In our construction for sl2 we use algebras of iterated skew-commutative power
series, which, unlike their polynomial and formal power series counterparts, seem
not to have been studied in the literature. They possess properties, similar to the
ones of Tate algebras and in our treatment of them we mostly follow [FVDP]. We
believe that these algebras can be of some interest in addition to this work.
Throughout this paper the base field is denoted by L and a norm ‖·‖V on an
L-vector space V is always supposed to be solid (i.e. ‖V ‖V ⊂ |L|L) and non-
archimedean (i.e. satisfying strong triangle inequality).
1. Preliminaries.
Here we will recall some notions, mostly from the theory of quantum groups.
There are numerous references on that subject, we will use [KSch]. For any unknown
notation in this section one should look in [loc.cit.].
1.1. Uq (sl2,L). The quantum enveloping algebra Uq (sl2,L) [KSch, 3.1.1] is the as-
sociative algebra over the field L (q) with generators E, F, K and K−1 and the
1
p-ADIC QUANTUM HYPERENVELOPING ALGEBRAS FOR sl2. 2
following relations
(1.1)
K ·K−1 = K−1 ·K = 1 ,
KE = q2EK ,
KF = q−2FK ,
EF − FE =
K −K−1
q − q−1
.
The set
{
F lKmEn
}
, n, l > 0 and m ∈ Z, is a basis for Uq (sl2,L).
The Hopf algebra structure on Uq (sl2,L) is given by comultiplication
(1.2)
∆(E) = E ⊗K + 1⊗ E
∆(F ) = F ⊗ 1 +K−1 ⊗ F
∆(K) = K ⊗K
,
counit
(1.3) ǫ (K) = 1, ǫ (F ) = 0, ǫ (E) = 0,
and antipode
(1.4) S (F ) = −KF, S (E) = −EK−1, S (K) = K−1 .
Uq (sl2,L) is neither commutative nor cocommutative. We denote by Uq (hL), Uq (bL,−)
and Uq (bL,+) the subalgebras of Uq (sl2,L) generated by
{
K±1
}
,
{
K±1, F
}
and{
K±1, E
}
respectively. One can see that Uq (hL), Uq (bL,−) and Uq (bL,+) are Hopf
subalgebras.
1.2. Quantum doubles. We also recall the definition of the quantum double
D (A,B, σ) [KSch, 8.2.1] of two skew-paired bialgebras A and B. Recall that
σ : A × B → L is a skew-pairing if σ (·, ·) is a dual pairing of bialgebras A and
Bop. We say that σ is (convolution) invertible if there exists σ¯ : A × B → L s.t.
σ ⋆ σ¯ = σ¯ ⋆ σ = ǫA ⊗ ǫB, i.e.
σ
(
a(1), b(1)
)
σ¯
(
a(2), b(2)
)
= σ¯
(
a(1), b(1)
)
σ
(
a(2), b(2)
)
= ǫA (a) ǫB (b) .
For Hopf algebras A (or B) is a Hopf algebra (with invertible antipode) than any σ
is invertible with σ¯ (a, b) = σ (SA (a) , b) (resp. σ¯ (a, b) = σ
(
a, S−1B (b)
)
) for a ∈ A,
b ∈ B.
For bialgebras A and B with an invertible skew-pairing σ the quantum double
D (A,B, σ) (or simply D (A,B) when the choice of σ is clear) is defined as the
L-algebra B ⊗A with the new multiplication
(1.5) (b⊗ a) (b′ ⊗ a′) =
∑
bb′(2)σ¯
(
a(1), b
′
(1)
)
⊗ a′a(2)σ
(
a(3), b
′
(3)
)
for a, a′ ∈ A and b, b′ ∈ B. With tensor product coalgebra structure of B ⊗ A,
D (A,B, σ) is a bialgebra. If A and B are Hopf algebras, then D (A,B, σ) is also a
Hopf algebra with the antipode
S (b⊗ a) = (1⊗ S (a)) (S (b)⊗ 1) .
Similarly one can define the double D (A,B, σ) for two Banach or topological
bialgebras (Hopf algebras), using topological (complete) tensor product and assum-
ing that σ is continuous.
One has a unique pairing of Hopf algebras 〈·, ·〉 : Uq (bL,+) × Uq (bL,−)
op → L
[KSch, 6.3.1] s.t.
(1.6) 〈K,K〉 = q−2, 〈K,F 〉 = 〈E,K〉 = 0, 〈E,F 〉 =
(
q−1 − q
)−1
.
p-ADIC QUANTUM HYPERENVELOPING ALGEBRAS FOR sl2. 3
The quantum doubleD (Uq (bL,+) , Uq (bL,−)) := D (Uq (bL,+) , Uq (bL,−) , 〈·, ·〉) [KSch,
8.2.4] is a Hopf algebra, which as an algebra is generated by elements E, K±1, F
and K±1− with defining relations of Uq (bL,+) and Uq (bL,−) and cross-relations
(1.7)
KK− = K−K, EF − FE =
K −K−1−
q − q−1
,
K−EK
−1
− = q
2E, KFK−1 = q−2F.
The two-sided ideal Iq of D (Uq (bL,+) , Uq (bL,−)), generated by K−K−, is a Hopf
ideal and we have canonical isomorphism of Hopf algebras
D (Uq (bL,+) , Uq (bL,−)) /Iq ∼= Uq (sl2,L) .
1.3. Normed algebras. Definitions of a normed algebra varies slightly in litera-
ture.
We will say that A is a normed algebra over L, if A is a normed L-vector
space with continuous multiplication. In other words, the product on A satisfy the
inequality ‖ab‖A ≤ C ‖a‖A ‖b‖A for all a, b ∈ A and some C ∈ R. We will also say
that ‖·‖A is submultiplicative if we have ‖ab‖A ≤ ‖a‖A ‖b‖A and multiplicative if
‖ab‖A = ‖a‖A ‖b‖A. If A is complete we will say that A is an L-Banach algebra.
Define A0 = {x ∈ A| ‖x‖A ≤ 1}, A
00 = {x ∈ A| ‖x‖A < 1} and A¯ = A
0/A00. A0
and A00 are closed L0−submodules of A and A¯ is a vector space over the residue
field L¯ = L0/L00. Denote the image of f ∈ A0 in A¯ by f¯ .
If the norm ‖·‖A is submultiplicative, A is a filtered ring with the filtration
FrA = {a ∈ A| ‖a‖A ≤ r}
induced by norm. Since our norms are solid, this filtration is quasi-integral. If A is
an L-Banach algebra, this filtration is complete. The associated graded ring Gr·A
is a Gr·L-algebra, with Gr·L = L¯[π¯, π¯
−1] is the ring of Laurent polynomials, where
π is a uniformizer of L. Gr·A does not have zero-divisors iff ‖·‖A is multiplicative.
If Gr·A is left (right) noetherian then A is left (right) noetherian [ST, 1.1].
2. Skew-Tate algebras.
Let L be a discretely valued field and A be a L-Banach algebra.
Lemma 1. Let B = A [x, α, δ] be an Ore extension of A (α : A→ A automorphism
of A and δ is an α−derivation of A). Consider a “Gauss R-norm” on B: f ∈ B,
f =
∑
fnx
n, then ‖f‖R ≡ ‖f‖Gauss,R = maxn ‖fn‖AR
n (R ∈ |L|L ⊂ R). Suppose
‖α‖ ≤ 1, ‖δ‖ ≤ 1 and |R| ≥ 1. Then ‖·‖R is a submultiplicative non-archimedean
algebra norm on B.
Proof. It is clear that ‖·‖R is a L−vector space norm (as in commutative case).
Lets prove submultiplicativity, i.e. ‖fg‖R ≤ ‖f‖R ‖g‖R .
Recall that in B we have x · a = α (a)x + δ (a) , a ∈ A. One can prove (using
induction) that xn ·a =
∑n
k=0 cnk (a)x
k, where cnk (a) is the sum of all words with
k−letters α and (n− k)−letters δ, applied to a. Since ‖α‖ ≤ 1, ‖δ‖ ≤ 1, then
‖cnk (a)‖A ≤ ‖a‖A . Now let f =
∑l
n=0 fnx
n and g =
∑s
k=0 gkx
k. Then
‖fg‖R =
∥∥∥∥∥
(
l∑
n=0
fnx
n
)(
s∑
k=0
gkx
k
)∥∥∥∥∥
R
=
∥∥∥∥∥
l∑
n=0
fn
(
s∑
k=0
(xngk)x
k
)∥∥∥∥∥
R
=
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=
∥∥∥∥∥
l∑
n=0
s∑
k=0
(
fn
n∑
i=0
cni (gk)x
i
)
xk
∥∥∥∥∥
R
=
∥∥∥∥∥
l∑
n=0
fn
n∑
i=0
(
s∑
k=0
cni (gk)x
k+i
)∥∥∥∥∥
R
≤
≤ max
n
(∥∥∥∥∥
n∑
i=0
s∑
k=0
fncni (gk)x
k+i
∥∥∥∥∥
R
)
= max
n
max
i
max
k
(
‖fn‖A ‖cni (gk)‖AR
k+i
)
≤
= max
n
max
i
max
k
(
‖fn‖AR
i
) (
‖gk‖AR
k
)
≤ ‖g‖R ·maxn,i
‖fn‖AR
i =
= ‖g‖R ·maxn
‖fn‖AR
n = ‖f‖R ‖g‖R .

Denote the completion of B = A [x, α, δ] w.r.t. ‖·‖R by A {x/R, α, δ} .
Remark 2. Clear that if |s|L = R for some s ∈ L, then A {x/R, α, δ}
∼= A
{
z, α, s−1δ
}
with x mapped to sz.
Definition 3. An algebra of the form L {x1, α1, δ1} . . . {xn, αn, δn} with ‖·‖Gauss =
‖·‖1 will be called skew-Tate algebra.
In order to check whether skew-Tate algebras have zero-divisors, we will study
the algebras B¯ for B = A {x, α, δ}. For ‖δ‖ ≤ 1 the map δ¯ : A¯ → A¯, δ¯ (a¯) := δ (a)
is a well-defined derivation and if α : A→ A is an isometry, then α¯ : A¯→ A¯ is an
automorphism. Thus the Ore extension A¯
[
x¯, α¯, δ¯
]
is well-defined and is equal to
B¯.
Proposition 4. Let α be an isometry. Then ‖·‖B is multiplicative if ‖·‖A is mul-
tiplicative. In particular, for isometric αn skew-Tate algebras are (left and right)
noetherian with multiplicative norms.
Proof. Follows from the fact that A¯
[
x¯, α¯, δ¯
]
does not have zero divisors if A¯ does
not have ones. Second statement is true since skew-polynomial rings are (left and
right) noetherian. 
Remark 5. For δ = 0, α an isometry and 0 < R < 1, the Gauss norm ‖·‖R is a
multiplicative algebra norm if ‖·‖A is multiplicative. The proof is the same as in
commutative case.
For Tate algebra we have Weierstrass division and preparation theorems. One
has similar results for skew-Tate algebras.
Definition 6. An element f ∈ A {x, α, δ} with ‖f‖Gauss = 1 is called regular of
degree d if f¯ has the form λzd +
d−1∑
i=0
ciz
i with λ ∈ L¯∗ and ci ∈ A¯.
Theorem 7. (Weierstrass division and preparation)
(1) (Division) Let f be a regular element of A {z, α, δ} of degree d. Then for
any g in A {z, α, δ} there exists unique q and r such that g=qf+r and degree
of r is less then d. Moreover, ‖g‖Gauss = max (‖q‖Gauss , ‖r‖Gauss) .
(2) (Preparation) Let f be a regular element of A {x, α, δ} of degree d. Then
there exists w ∈ A [x, α, δ] , s.t. f = w · e, where e is a unit in A {x, α, δ},
and w is regular of degree d. If f ∈ A [x, α, δ] then also e ∈ A [x, α, δ].
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Proof. (1) Take f = f0−D, where f0 = λz
d+
d−1∑
i=0
ciz
i, ci = A
0 and ‖D‖Gauss < 1.
Lets prove that the statement of (1) is true for f0. Lets first prove the statement
for powers of z, i.e. zi = qif0 + ri. We have the identity
zd = λ−1
(
λzd +
d−1∑
i=0
ciz
i −
d−1∑
i=0
ciz
i
)
= qdf0 + rd
with qd = λ
−1 and rd = λ
−1
(
d−1∑
i=0
ciz
i
)
and for i < d qi = 0. Now for z
n+1 we
have zn+1 = z · zn = z · (qnf0 + rn) = (z · qn) f0+ z · rn. If rn =
d−1∑
i=0
cniz
i then from
commuting relations we compute
z · rn =
d−1∑
i=0
(z · cni) z
i =
d−1∑
i=0
(α (cni) z + δ (cni)) z
i =
= α
(
cn(d−1)
)
zd +
d−1∑
i=0
(
α
(
cn(i−1)
)
+ δ (cni)
)
zi =
= α
(
cn(d−1)
) (
λ−1f0 + rd
)
+
d−1∑
i=0
(
α
(
cn(i−1)
)
+ δ (cni)
)
zi =
= α
(
cn(d−1)
)
λ−1f0 + α
(
cn(d−1)
)
rd +
d−1∑
i=0
(
α
(
cn(i−1)
)
+ δ (cni)
)
zi.
Thus zn+1 = qn+1f0 + rn+1, where qn+1 = z · qn + λ
−1α
(
cn(d−1)
)
and rn+1 =
α
(
cn(d−1)
)
rd +
d−1∑
i=0
(
α
(
cn(i−1)
)
+ δ (cni)
)
zi. It is clear that is this formulas the
norms of the coefficients do not increase, and thus for any g =
∞∑
n=0
gnz
n we get the
equality
g =
(
∞∑
n=0
gnqn
)
f0 +
(
∞∑
n=0
gnrn
)
with both sums being convergent in A {z, α, δ}.
Now lets prove the division property for f. We have f0 = f + D and for any
g ∈ A {z, α, δ} we have the decomposition
g = q0f0 + r0 = q0f + q0D + r0 = q0f + g1 + r0
where g1 = q0D. Since the norm is submultiplicative, we have
‖g1‖Gauss ≤ ‖q0‖Gauss ‖D‖Gauss ≤ ‖g‖Gauss ‖D‖Gauss .
We have the same decomposition for g1,
g1 = q1f0 + r1 = q1f + g2 + r1
where g2 = q1D and
‖g2‖Gauss ≤ ‖q1‖Gauss ‖D‖Gauss ≤ ‖g1‖Gauss ‖D‖Gauss ≤ ‖g‖Gauss ‖D‖
2
Gauss .
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Continuing by induction, we construct zero sequences gn, qn and rn s.t. gn =
qnf + gn+1 + rn. Adding up all this recurrent relations gives
g =
(
∞∑
n=0
qn
)
f +
(
∞∑
n=0
rn
)
and
‖g‖Gauss = max
(∥∥∥∥∥
∞∑
n=0
qn
∥∥∥∥∥
Gauss
,
∥∥∥∥∥
∞∑
n=0
rn
∥∥∥∥∥
Gauss
)
.
Now lets prove uniqueness. An equality g = q1f + r1 = q2f + r2, imply
0 = (q1 − q2) f + (r1 − r2) . Since norm of f is one, we have ‖q1 − q2‖Gauss =
‖r1 − r2‖Gauss and multiplication by an appropriate number makes both norms
equal 1. But then in A {z, α, δ}0 /A {z, α, δ}00 we have q1 − q2 · f¯ = r1 − r2, and
this is impossible, since on left hand side we have a skew-polynomial of degree ≥ d
and on the right hand side < d.
(2) Since f is distinguished, by (1) there exists e′ and r′ s.t. xd = e′f +
r and deg (r) < d. Define ω = xd − r. We have ω = e′f. Since ‖r‖Gauss ≤∥∥xd∥∥
Gauss
= 1, we get ‖ω‖Gauss = 1 and ω is distinguished of degree d. Then
in A {z, α, δ}0 /A {z, α, δ}00 we have ω = e′f with ω¯ and f¯ being unitary skew-
polynomials of the same degree. This means that e¯′ is a unit inA {z, α, δ}
0
/A {z, α, δ}
00
and e′ is a unit in A {z, α, δ} . If f is a polynomial then also must be e. 
3. Quantum hyperenveloping algebra of Uq (sl2,L)
From now on q ∈ L is a nonzero number.
3.1. Norm completions. We want to define a completion of Uq (sl2,L) with re-
spect to an analogue of the Gauss R-norm.
In order to do so, lets recall [Kas, Prop. 6.1.4] that Uq (sl2,L) is a noetherian
algebra, obtained by a sequence of Ore extensions
L
[
K,K−1
]
= Uq (hL) →֒ Uq (bL,−) = Uq (hL) [F, α0, 0]
α0 (K) = q
2K
and
(3.1)
Uq (bL,−) →֒ Uq (gL) = Uq (bL,−) [E,α1, δ]
α1
(
F jK l
)
= q−2lF jK l
δ (F ) = K−K
−1
q−q−1
δ
(
F jK l
)
=
j−1∑
i=0
F j−1δ (F )
(
q−2iK
)
K l
δ (K) = 0
.
Let Uq (hL, RK) be the algebra of Laurent series in K,
Uq (hL, RK) :=
{∑
n∈Z
fnK
n| lim
n→±∞
|fn|LR
n
K = 0
}
with fixed RK . It is a Banach K−algebra w.r.t. the norm
‖f‖RK = maxn∈Z
|fn|LR
n
K .
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Let |q|L = 1. Then the map
α0 : Uq (hL, RK)→ Uq (hL, RK) , α0 (K) = q
2K
is an isometry. By lemma 1, the algebra
Uq (bL,−, RK , RF ) := Uq (hL, RK)
{
F
RF
, α0, 0
}
is a Banach Uq (hL, RK)-algebra, which can be described as
Uq (bL,−, RK , RF ) =
{
∞∑
n=0
anF
n
∣∣∣ an ∈ Uq (hL, RK) , s.t. lim
n→∞
‖an‖RK R
n
F = 0,
}
or aK−Banach algebra of convergent series in F, K±1 with radius at least (RF , RK) .
Similarly one construct the algebra Uq (bL,+, RK , RE).
From formulas 1.2, 1.3 and 1.4 one can see that for RK = 1 the comultiplication,
counit and antipode of Uq (sl2,L) are bounded maps (with ‖∆‖ , ‖ǫ‖ , ‖S‖ ≤ 1) and
thus they make the algebrasUq (bL,−, RF ) := Uq (bL,−, 1, RF ) and Uq (bL,+, RE) :=
Uq (bL,+, 1, RE) into Banach Hopf algebras. Also from formulas 1.6 one can see
that the pairing 〈·, ·〉 : Uq (bL,+)×Uq (bL,−)
op
→ L satisfy the condition |〈x, y〉|L ≤
‖x‖R ‖y‖R when R >
∣∣∣(q−1 − q)−1∣∣∣
L
and thus this pairing can be extended to the
pairing 〈·, ·〉 : Uq (bL,+, R)× Uq (bL,−, R)
op → L of Banach Hopf algebras.
Consider the quantum doubleD (Uq (bL,+, R) , Uq (bL,−, R)). As a Banach space
it is equal to Uq (bL,−, R) ⊗̂Uq (bL,+, R). The remarks in the above paragraph im-
ply that the multiplication 1.5 on D (Uq (bL,+, R) , Uq (bL,−, R)) is the composition
of maps of norm ≤ 1, which means that the norm on D (Uq (bL,+, R) , Uq (bL,−, R))
(the tensor product norm on Uq (bL,−, R) ⊗̂Uq (bL,+, R)) is submultiplicative. Sim-
ilar to the algebraic case, D (Uq (bL,+, R) , Uq (bL,−, R)) can be described as the
space
(3.2)
D (Uq (bL,+, R) , Uq (bL,−, R)) ={
∞∑
n¯=0
an¯E
nEKnKK
nK−
− F
nF
∣∣∣ nE , nF ∈ N, nK± ∈ Z; an¯ ∈ L, s.t.
lim|n¯|→∞ |an¯|LR
nE+nF = 0
}
with multiplication defined by relations of Uq (bL,−, R), Uq (bL,+, R) and 1.7.
Lemma 8. The double D (Uq (bL,+, R) , Uq (bL,−, R)) as an L-algebra is a (left and
right) noetherian and it’s norm is multiplicative. If |1− q|L < 1 then Gr·D (Uq (bL,+, R) , Uq (bL,−, R))
is commutative.
Proof. From relations 1.7 we have an isomorphism
Gr·D (Uq (bL,+, R) , Uq (bL,−, R)) ≃ L¯[π¯
±1]
[
K˜±1, K˜±1−
] [
F˜ , β0, 0
] [
E˜, β1, 0
]
and the algebra on the right hand side is (left and right) noetherian without zero
divizors. If |1− q|L < 1 then q¯ = 1¯ and the ring
Gr·D (Uq (bL,+, R) , Uq (bL,−, R)) ≃ L¯[π¯
±1]
[
K˜±1, K˜±1−
] [
F˜
] [
E˜
]
is commutative. 
We define the Banach Hopf algebra
Uq (sl2,L, R) := D (Uq (bL,+, R) , Uq (bL,−, R)) /Iq,
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where Iq is the closed Hopf ideal generated by (K −K−). As an algebra it is (left
and right) noetherian. Multiplicativity of the norm on Uq (sl2,L, R) (the quotient
norm from D (Uq (bL,+, R) , Uq (bL,−, R))) can be checked similarly to the lemma
8.
3.2. quantum hyperenveloping algebra. Similar to the 3.2, the Banach Hopf
algebras Uq (sl2,L, R) can be described as the Banach space of convergent power
series{
∞∑
n¯=0
an¯E
nEKnKFnF
∣∣∣ nE , nF ∈ N, nK ∈ Z; an¯ ∈ L, s.t. lim
|n¯|→∞
|an¯|LR
nE+nF = 0
}
.
From this description it is clear that for R1 < R2 we have an injective (and compact)
map Uq (sl2,L, R1) ← Uq (sl2,L, R2). Thus we have a projective system of Banach
Hopf algebras with injective and compact transition maps. It’s projective limit is
a nuclear Fréchet space, which also have a topological Hopf algebra structure.
Definition 9. We define the quantum hyperenveloping algebra of sl2,L as Ûq (sl2,L) :=
lim← Uq (sl2,L, R) .
Similarly one can define the Fréchet Hopf algebras Ûq (b−,L) and Ûq (b+,L). Their
doubleD
(
Ûq (b+,L) , Ûq (b−,L)
)
is a Fréchet Hopf algebra and one has a topological
isomorphisms
D
(
Ûq (b+,L) , Ûq (b−,L)
)
∼= lim
←
D (Uq (b+,L, R) , Uq (b−,L, R))
and
Ûq (sl2,L) ∼= D
(
Ûq (b+,L) , Ûq (b−,L)
)
/Iˆq,
where Iˆq is the closed ideal, generated by (K −K−).
Recall that a Fréchet algebra A is called Fréchet-Stein (compare to [ST, sec. 3])if
it is a locally convex projective limit of Banach algebras An with transition maps
An ← An+1 having dense images, such that
• each An is (left) noetherian;
• the transition maps An ← An+1 are flat.
In order to prove Fréchet-Stein property for Ûq (sl2,L), we consider the subalgebra
A ⊂ D (Uq (b+,L) , Uq (b−,L)), generated by
{
K,M = K−1− , E, F
}
. Clear that under
the quotient mapD (Uq (b+,L) , Uq (b−,L))→ Uq (sl2,L) A is mapped onto Uq (sl2,L).
A also gives rise to the Banach subalgebras A (R) ⊂ D (Uq (bL,+, R) , Uq (bL,−, R))
and a Fréchet subalgebra Â ⊂ D
(
Ûq (b+,L) , Ûq (b−,L)
)
with Â ∼= lim← A (R) and
we have a topological isomorphism Ûq (sl2,L) ∼= Â/ 〈KM − 1〉. Thus in order to
show that Ûq (sl2,L) is Fréchet-Stein, by lemma [ST, Prop. 3.7] it is enough to show
that Â is Fréchet-Stein.
Similar to lemma 8 one can show the algebras A (R) are (left and right) noether-
ian with associated graded rings Gr·A (R) ∼= L¯
[
π¯±1
] [
K¯, M¯
] [
F˜ , β0, 0
] [
E˜, β1, 0
]
.
Thus we only need to check the second property.
Proposition 10. Let A (R1) →֒ A (R2) be the inclusion map for R1 > R2. Then
A (R2) is a flat A (R1)−module.
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Proof. The proof follows the idea from [ST, 4.8, 4.9]. We view our Banach algebras
as complete filtered rings with the filtration induced by norm. [ST, Prop. 1.2] says,
that the map between two such rings is flat if associated graded rings are noetherian
and the associated map of graded rings is flat.
As in [ST, 4.9] we factor our map A (R1) →֒ A (R2) into A (R1) →֒ A
∞ (R1) →֒
A (R2) , where
A∞ (R1) =
{
∞∑
n¯=0
an¯E
nEKnKMnMFnF
∣∣∣n· ∈ N; an¯ ∈ L : sup
n¯
|an¯|LR
nE+nF ≤ ∞
}
is the algebra with the same relations as for A (R1). A
∞ (R1) is a Banach algebra
w.r.t. supremum norm and A (R1) is a closed subalgebra. Easy to see that the asso-
ciated graded ring of A∞ (R1) is the ring of formal skew-power series Gr·A
∞ (R) ∼=
L¯
[
π¯±1
] [[
K¯, M¯
]] [[
F˜ , β0, 0
]] [[
E˜, β1, 0
]]
. Since both ringsGr·A (R) andGr·A
∞ (R)
are noetherian and inclusion of polynomials into power series is a flat map, the in-
clusion A (R1) →֒ A
∞ (R1) is flat.
For the second inclusion note that A∞ (R1) ∼= L⊗̂F0A
∞ (R1) and A
∞ (R1) →֒
A (R2) is flat iff F0A
∞ (R1) →֒ A (R2) is flat. It follows from compactness of the
inclusion map that F0A
∞ (R1) is a closed subset of A (R2) and thus it is complete
w.r.t. the norm filtration of A (R2). So one can apply [ST, Prop. 1.2] in this case
too. Similar to [ST, Thm. 4.9] one can show that the map of associated graded
rings of F0A
∞ (R1) and A (R2) is a localization and thus is flat. This proves that
the second inclusion is also flat. 
Thus we have proved that Ûq (sl2,L) is noncommutative and noncocommutative
Fréchet-Stein Hopf algebra.
Remark 11. One can describe Ûq (sl2,L) as the space{
∞∑
n¯=0
an¯E
nEKnKFnF
∣∣∣ nE , nF ∈ N, nK± ∈ Z; an¯ ∈ L, s.t.
∀R > 0 : lim|n¯|→∞ |an¯|LR
nE+nF = 0
}
with the locally convex topology given by the system of norms νR:
(3.3) νR : νR
(
∞∑
n¯=0
an¯E
nEKnKFnF
)
= sup
(
|an¯|LR
nE+nF
)
.
Equivalently, one can take the family of norms
(3.4) ν′R : ν
′
R
(
∞∑
n¯=0
an¯E
nEKnKFnF
)
= sup
(
|an¯|L
∣∣∣[nE ]q!∣∣∣
L
∣∣∣[nF ]q!∣∣∣
L
RnE+nF
)
(similar to [Kohl, 1.2.8]). This is possible due to an estimate (4.1.1.1) from [DV],
which implies that ∃C ≥ 1 : ∣∣∣∣∣ 1[n]q!
∣∣∣∣∣
L
≤ Cnp
n
p−1
(note, that in [DV], [n]q = 1+ q+ ...+ q
n−1 = [[n]]q in notations of [KSch], and one
need to use [n]q = q
−n+1 [[n]]q , [Kas, 6.1.1. (1.7)]). The completion of Ûq (sl2,L)
w.r.t. ν′R will be denoted by Uq (sl2,L, ν
′
R).
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3.3. Second construction. Instead of constructing Uq (sl2,L, R) through quan-
tum doubles, one could use skew-Tate algebras one more time. Namely consider
Uq (b−,L, RK , RF ) [E,α1, δ], with α1, δ as in 3.1. Since |q|L = 1, ‖α1‖ = 1. In
order to apply lemma 1, we need ‖δ‖ ≤ 1. From formulas 3.1 we see that ‖δ‖ ≤ 1
if
∣∣∣∣ 1q − q−1
∣∣∣∣
L
RK ≤ RF . So, under this condition, Gauss RE−norm is a norm on
Uq (b−,L, RK , RF ) [E,α1, δ] and
Uq (sl2,L, RK , RF , RE) := Uq (b−,L, RK , RF ) {E/RE , α1, δ}
is a K−Banach algebra.
Note that, due to symmetry between F andE, instead of condition
∣∣∣∣ 1q − q−1
∣∣∣∣
L
RK ≤
RF , we can take
∣∣∣∣ 1q − q−1
∣∣∣∣
L
RK ≤ RE (and first extend Aˆ0 by E instead of F ).
In case RK = 1, Uq (sl2,L, 1, RF , RE) is a Banach Hopf algebra (RF or RE ≥∣∣∣(q − q−1)−1∣∣∣
L
), isomorphic to Uq (sl2,L, RF , RE).
The projective limit lim
←
Uq (sl2,L, RK , RF , RE) is a noncommutative Fréchet al-
gebra. One can prove the Fréchet-Stein property similarly to the previous section,
although one has to keep track of the relation between RK and RF (or RE). When
RK = 1 is fixed, we get the same Fréchet Hopf algebra Ûq (sl2,L).
4. Completion of the coordinate algebra SLq (2, L).
4.1. Preliminaries on quantum group SLq (2, L). The quantum matrix algebra
Mq(2, L) is a bialgebra, defined as a quotient of free algebra L 〈a, b, c, d〉 by the
following relations
ab = qba, ac = qca, bd = qdb, cd = qdc, bc = cb,
ad− da =
(
q − q−1
)
bc .
The comultiplication is given by formulas
∆(a) = a⊗ a+ b⊗ c ∆(b) = a⊗ b+ b⊗ d
∆(c) = c⊗ a+ d⊗ c ∆(d) = c⊗ b+ d⊗ d
.
The counit is given by formula
ǫ
(
a b
c d
)
=
(
1 0
0 1
)
.
The quantum determinant detq = ad− qbc is a central group-like element in this
algebra.
The quantum group SLq(2, L) is the quotient SLq(2, L) = Mq(2, L)upslope (detq = 1).
The set {anabnbcnc ,bnbcncdnd } is a vector space basis for SLq(2, L).
SLq(2, L) is a Hopf algebra with the antipode
S (a) = d, S (b) = −q−1b, S (c) = −qc, S (d) = a .
The transposition morphism θα,β is an automorphism of SLq (2, L), given by the
following formulas
θα,β (a) = αa, θα,β (b) = βc, θα,β (c) = β
−1b, θα,β (d) = α
−1d .
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4.2. Duality between Uq (sl2,L) and SLq(2, L). The algebra U˘q (sl2,L) [KSch,
3.1.2] has the same generators as Uq (sl2,L), but different relations
K ·K−1 = K−1 ·K = 1 ,
KE = qEK ,
KF = q−1FK ,
EF − FE =
K2 −K−2
q − q−1
.
There is an injective algebra homomorphism
φ :
Uq (sl2,L) −→ U˘q (sl2,L)
E 7−→ EK
F 7−→ K−1F
K 7−→ K2
.
These two algebras are not isomorphic. Both algebras admit an automorphism
θα :
E 7−→ αE
F 7−→ α−1F
K 7−→ K
.
There is a non-degenerate Hopf algebra pairing 〈·, ·〉 between Uq (sl2,L) and
SLq(2, L), see [KSch, I.4.4]. First, define a pairing 〈·, ·〉˘ for U˘q (sl2,L) and SLq(2, L),
[KSch, I.4.4 Prop.22]:
〈
KmEnF l, dscrbt
〉˘
= q(n−r)
2
[
s
n− r
]
q2
γsrtmnt
if 0 ≤ n− r = l − t ≤ s,
〈
KmEnF l, dscrbt
〉˘
= 0 otherwise, and〈
KmEnF l, ascrbt
〉˘
= δrnδtlγ
−srt
mnt ,
where
γsrtmnt =
qm(s+r−t)/2q−s(n+l)/2
qn(n−1)/2ql(l−1)/2
(
q2; q2
)
l
(
q2; q2
)
n
(1− q2)
l+n
,
(a; q)n = (1− a) (1− aq) . . .
(
1− aqn−1
)
.
The pairing 〈·, ·〉 can be defined via identity
〈x, y〉 =
〈
φ (x) , θ1,q−1/2 (y)
〉˘
=
〈(
φ ◦ θq1/2
)
(x) , y
〉˘
.
Remark 12. Direct check shows that if |1− q|L < 1, then |γ
srt
mnt|L = 1 . For L = Qp
the condition |1− q|L < 1 corresponds to the case when q = exp(h) for some h ∈ Zp
s.t. exp(h) converges, i.e. the case when SLq(2, L) and Uq (sl2,L) are deformations
of SL(2, L) and U (sl2,L) respectively.
4.3. Completion of SLq(2, L).. The pairing from 4.2 gives the following pairing
between Uq (sl2,L) and SLq(2, L):〈
KmEnF l, dscrbt
〉
= q(n−r)
2
[
s
n− r
]
q2
γsrt(m+n−l)nt · q
−(n(n+1)2 +
l(l−1)
2 +ln)
if 0 ≤ n− r = l − t ≤ s,〈
KmEnF l, dscrbt
〉
= 0 otherwise, and〈
KmEnF l, ascrbt
〉
= δrnδtlγ
−srt
(m+n−l)nt · q
−(n(n+1)2 +
l(l−1)
2 +ln) .
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This pairing gives a linear inclusion of SLq(2, L) into the linear dual of Uq (sl2,L).
The norms ν′RE ,RF (3.4) on Ûq (sl2,L) make Uq (sl2,L) into a normed space. If el-
ements of SLq(2, L) are continuous (=bounded) w.r.t. ν
′
RE ,RF
, then we have an em-
bedding SLq(2, L) into the continuous dual
(
Uq
(
sl2,L, ν
′
RE ,RF
))′
b
of Uq
(
sl2,L, ν
′
RE ,RF
)
(Uq
(
sl2,L, ν
′
RE ,RF
)
is the completion of Ûq (sl2,L) w.r.t. ν
′
RE ,RF
).
The norm of α ∈ SLq(2, L) as of a functional on Uq
(
sl2,L, ν
′
RE ,RF
)
is given by
identity
‖α‖
∗
ν′RE,RF
= sup
x
|〈x, α〉|L , x ∈ Uq
(
sl2,L, ν
′
RE ,RF
)
. : ν′RE ,RF (x) ≤ 1.
Since (from [KSch, 2.1.1. (3)])(
q2, q2
)
m
= [m]q! ·
(
1− q2
)m
· q
m(m−1)
2 ,
then in case |q|L = 1 one can check that∣∣γsrtxnt∣∣L = ∣∣∣[n]q!∣∣∣L ∣∣∣[l]q!∣∣∣L .
Thus ∣∣〈KmEnF l, ascrbt〉∣∣
L
= δrnδtl
∣∣∣[n]q!∣∣∣
L
∣∣∣[l]q!∣∣∣
L
and we have found the first norm∥∥ascrbt∥∥∗
ν′RE,RF
= R−rE R
−t
F .
For elements of the form dscrbt we have∣∣∣∣∣
〈
Km
En
[n]q!
F l
[l]q!
, dscrbt
〉∣∣∣∣∣
L
=
∣∣∣∣∣
[
s
n− r
]
q2
∣∣∣∣∣
L
≤ 1
due to [Kas, 6.1.1 (1.8)] and [DV, 4.1.1.2]. Thus we have found the second norm∥∥dscrbt∥∥∗
ν′RE,RF
= R−rE R
−t
F .
Since {ascrbt, dscrbt} is a linear basis of SLq (2, L), we have an embedding
SLq (2, L) →֒
(
Uq
(
sl2,L, ν
′
RE ,RF
))′
b
.We denote by CanRE ,RF (SLq (2, L)) the closure
of SLq (2, L) inside
(
Uq
(
sl2,L, ν
′
RE ,RF
))′
b
, which consist of series
∑
αnmka
nbmck +∑
βmklb
mckdl with
lim
n,m,k→∞
|αnmk|L
(
1
RE
)k (
1
RF
)m
= 0,
lim
m,k,l→∞
|βmkl|L
(
1
RE
)k (
1
RF
)m
= 0.
It is a Banach algebra w.r.t. supremum-R−1E , R
−1
F norm. The comultiplication,
counit and antipode are also bounded, so it is a L−Banach Hopf algebra.
The injective limit Cω (SLq (2, L)) = lim
→
CanRE ,RF (SLq (2, L)) is a LCVS of com-
pact type (similar to [NFA, 16.11]). So, Cω (SLq (2, L)) is a noncommutative and
noncocommutative L−Hopf algebra of compact type.
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Remark 13. More generally, one can take Ra, Rb, Rc, Rd < 1 and define a com-
pletion of SLq (2, L) in a similar way. The norm will not be submultiplicative (i.e.
multiplication is not continuous w.r.t. supremum-norm), but comultiplication will
be bounded, so in this case we get a noncocommutative coalgebra. More over, it
is still can be done if |q|L < 1 and in this case the Haar functional of SLq (2, L)
[KSch, 4.2.6] is bounded.
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